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Abstract- Fatigue crack is an important rotor fault,
which can lead to catastrophic failure if undetected
properly and in time. Study and Investigation of
dynamics of cracked shafts are continuing since last
four decades. Some review papers were also published
during this period. The aim of this paper is to present
a review on recent studies and investigations done on
cracked rotor. It is not the intention of the authors to
provide all literatures related with the cracked rotor.
However, the main emphasis is to provide all the
methodologies adopted by various researchers to
investigate a cracked rotor. The paper incorporates a
candid commentary on various methodologies. The
paper further deals an extended Lagrangian
formulation to investigate dynamics of cracked rotor.
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I INTRODUCTION

Fatigue cracks have great potential to cause
catastrophic, failures in rotating shaft. This fault may
interrupt smooth, effective and efficient operation and
performance of the machines. This problem has
attracted the attention of researchers. Through various
researches methodology investigation of dynamics of
cracked rotor has been done, and work in this area is
still continuing. Review papers are presented from
time to time on this subject. The study and
investigation in the last few decades on cracked rotors
are presented in a review paper by Wauer [1]; Gasch
[2] has presented a survey on simple rotor,
Dimarogonas [3] has presented a review, and more
recently presented by Sabnavis et al. [4]. Various
methods like Wavelet transform, Finite element
method, Non-linear  dynamics, Hilbert-Huang
transform, and so forth, have been applied to study the
dynamic behavior of a cracked rotor. Important
achievements have been made during these years; the
knowledge of the dynamical behavior of cracked
shafts has helped in predicting presence of crack in a
rotor. But there is demand for more powerful rotor
nowadays. Hence more accurate and reliable
technique is required to predict the generation and
propagation of a crack in a rotating shaft. In this paper
a candid comment on various approaches is presented.
An alternate method based on extended Lagrangian
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mechanics to investigate the dynamics of cracked rotor
will be discussed in brief.

Il DIFFERENT MODELING APPROACH

Study of cracked rotor is continuing since last four
decades. Different modeling techniques are used by
various researchers. These approaches can be
presented in the next subsections.

HHT (Hilbert-Huang Transform). Guo and Peng [5]
used Hilbert-Huang transform for detection and
monitoring of crack in transient response of a cracked
rotor. This method is particularly useful for identifying
very small crack depths. Hilbert-Huang transform has
good potential for non-linear and non-stationary data
analysis, especially for time-frequency-energy
representations. Ramesh Babu et al. [6] have used
HHT for detection of a crack. HHT appears to be a
better tool compared to wavelet transform for crack
detection.

Breathing Mechanism. Many researchers have
analyzed the dynamics of cracked rotor by the
approaches based on crack breathing. The crack
gradually opens and closes during each revolution, in
other words breaths during the revolution of the shaft;
however, it is not yet entirely clear how partial closure
interacts with key variables of the problem. Hence
there is a need for a model that accounts for the crack
breathing mechanism and for the interaction between
external loading and dynamic crack behavior
concluded by Bachschmid et al. [7]. The crack
breathing in rotors is often simulated using two well-
known models by Patel and Darpe [8]. One is the
switching/hinge crack model, in which the stiffness of
the rotor switches from one corresponding to the
closed crack to the stiffness corresponding to the fully
open crack state. The other model is the response
dependent breathing crack model presented by Jun et
al. [9].

Wavelet Transform and Wavelet Finite Element
Approach. Wavelets method may be used to detect
the damage location and depth by considering modal
frequencies, modal shape, and modal damp, and so
forth. Zheng et al. [10] applied the wavelet transform
technique for bifurcation and chaos study. Wavelet
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transform can reveal the local property in both time
domain and frequency domain. They introduced a
method to analyze the existing domains of different
types of motion in the parametric space of a nonlinear
system. Yang et al. [11] have worked on
characterization and detection of crack induced rotary
instability. They developed and presented a wavelet-
based algorithm to characterize periodic, period
doubling, fractural-like, and chaotic motions as results
of the inherent nonlinearity associated with crack
opening and closing during vibration. The most
significant feature of this algorithm is that, it is capable
of continuously identifying the transition state that
marks the initiation and propagation of rotor
dynamical mechanical stability. Darpe [12] has
presented a method to detect transverse surface crack
in a rotating shaft. His method was also based on
wavelet transform techniques. Xiang et al. [13] have
presented a wavelet finite element method for
identification of crack in a rotor system and proposed
a methodology to analyze the dynamic behavior of a
Rayleigh beam. Traditional FEM has some limitation,
such as low efficiency, insufficient accuracy, slow
convergence to correct solutions, and so forth, in case
of complex problem with high gradient or strong
nonlinearity. In order to overcome these difficulties,
wavelet spaces have been employed as approximate
spaces and then wavelet finite element methods
(WFEM) have been derived by Ma et al. [14]. Chen et
al. [15, 16] applied this technique to a dynamic multi
scale lifting computation method using Daubechies
wavelet. The desirable advantages of WFEM are multi
resolution properties and various basis functions for
structural analysis. Li et al. [17] proposed a
methodology to detect crack location and size, which
takes advantage of WFEM in the modal analysis for
singularity problems like a cracked beam. By using
WFEM model, Xiang et al. [18] gave the experimental
identification results in cantilever beams with small
identification errors. Xiang et al. [19] also proposed a
BSWI Euler beam model for detecting crack in a
beam, the simulation and experimental results show
the high performance of the BSWI Euler beam
element. The desirable advantages of WFEM are multi
resolution properties and various basis functions for
structural analysis.

Investigation through Finite Element Approach.
Three dimensional (3D) FEA has attracted the
researchers as an investigative tool for the study of
crack breathing mechanism. Due to ease in simulation,
many researchers applied finite element technique for
analysis of crack in a rotating shaft. Papadopoulos and
Dimarogonas [20] have analyzed for the local crack
compliance for a six-degree-of-freedom crack beam
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segment. Alternatively the local compliance matrix
can be determined through a 3D state finite element
analysis by several researchers. Sekhar and Prabhu
[21] have studied the vibration and stress fluctuation
in cracked shafts and investigated a simply supported
shaft with a transverse crack for the vibrational
characteristics. Finite element analysis (FEA) has been
carried out for free and force vibrations. Dirr et al. [22]
worked for detection and simulation of small
transverse cracks in rotating shafts. In their work, they
developed a spatial finite element model and used it
for numerical simulation of the dynamic behavior of a
cracked rotor, in another study. Mohiuddin and
Khulief [23] have investigated model characteristics
of a cracked rotor using a conical shaft finite element
and deduced frequency of the rotor in several cracked
conditions. Sekhar and Balaji Prasad [24] worked on
dynamic analysis of a rotor system considering a slant
crack in shaft. FEM analysis of a rotor bearing system
for flexural vibration has been considered in their
work and they concluded a general trend of reduction
in eigen frequencies of all models with an increase in
crack depth. Sekhar [25] has investigated vibration
characteristics of a cracked rotor with two opens and
applied FEM analysis on rotor system for flexural
vibration considering two transverse open crack. He
concluded that in the case of two cracks of different
depths, the larger crack has the more significant effect
on the eigen frequency of the rotor. Nandi [26] has
presented a simple method of reduction for finite
element model of non-axis-symmetric rotors on non-
isotropic spring. Darpe [27] investigated the dynamics
of a Jeffcott rotor with slant crack describing the
flexibility matrix for the slant crack. Bachschmid and
Tanzi [28] have looked at the straight front crack.
Recently, Georgantzinos and Anifantis [29] studied
the effect of the crack breathing mechanism on the
time-variant flexibility due to the crack in a rotating
shaft considering quasistatic approximation and using
advanced nonlinear contact-FEM procedure. This
method predicts the partial contact of crack surfaces,
and it is appropriate to evaluate the instantaneous
crack flexibilities. Darpe et al. [30, 31] calculated the
breathing by evaluating the rectilinear crack tip, the
point where the crack is starting to close, assuming that
the closed part of the crack surface is delimited by a
boundary, the “crack closure line” (CCL) represented
by a segment, orthogonal to the crack tip, that can be
drawn from that point on the crack tip. The same
approach has been used also by Wu et al. [32] in time
step calculations where breathing was determined by
vibrations. Unlike the previous studies, in Chasalevris
and Papadopoulos [33] each crack is characterized by
its depth, position, and relative angle. The compliance
calculation method is applied for the first time in
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cracked shafts with rotated cracks. The compliance
matrix of the crack in bending is calculated using the
well-known method of integration of the strain energy
density function over the opened crack surface.
Analysis through Nonlinear Dynamics of Cracked
Rotor. M uller et al. [34] investigated nonlinear
dynamics of a cracked rotating shaft using changing
stiffness coefficient. Bovsunovskii [35] has done the
numerical study of forced and decaying vibrations of
a system simulating a body with a closing crack under
the action of various modes of a nonlinear restoring
force and linear viscous friction. In his study, he
determined the natural frequency of transverse and
longitudinal vibration of a cracked beam with an open
and close crack. Qin et al. [36] have investigated
bifurcation in the response of cracked Jeffcott rotor.
Nonlinear response of response of a cracked rotor due
to bifurcation and its influence was illustrated in their
study. Feng et al. [37] worked for nonlinear analysis
of a cracked rotor with whirling. Distinct differences
have been found in bifurcation, amplitude, orbit, and
Poincare map when carrying on this comparison. The
work may be useful in crack early detection and
diagnosis. Zhu et al. [38] have investigated the
dynamics of a cracked rotor with an active magnetic
bearing, through their theoretical analysis they
observed that it is impossible to use traditional method
with super harmonic frequency components in the
supercritical speed region to detect the crack. Zhou et
al. [39] bhave analyzed the cracked rotor
experimentally and investigated nonlinear dynamic
characters of rotor system containing a transverse
fatigue crack. Ishida and Inoue [40] have used
piecewise model function and power series function
for zetch in of a rotor crack by a harmonic excitation
and nonlinear vibration analysis. Bachschmid et al.
[41] evaluated all the nonlinear effects due to a rather
deep transverse crack that has developed in a full size
shaft. Time integration has been used for the nonlinear
analysis of a heavy, horizontal axis, and well-damped
steam turbine rotor. The results confirmed that neither
instabilities nor sub-harmonic components did appear,
and that the overall deviations from linear behavior
were rather small.

Analysis of Crack Rotor through Several Other
Techniques. Besides the above mentioned techniques,
there are few techniques and methodologies developed
by few researchers to analyze the dynamics of cracked
rotor. Shulzhenko and Ovcharova [42] studied the
effect of the break of the elastic axis of rotor with
transverse crack on its vibrational characteristics and
performed a numerical analysis to know the various
effects on vibration due to the crack. Bachschmid et al.
[43] have proposed a method for identification of the
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position and the depth of a transverse crack in a rotor
system, by using vibration measurement technique. A
model based diagnostic approach and a least squares
identification method in the frequency domain are
used for the crack localization along the rotor. Meng
and Gasch [44] worked on stability and stability
degree of a cracked flexible rotor supported on journal
bearings and concluded that crack ridge zone depends
largely on the speed ratio and the stiffness change
ratio. Andrieux and Var’e [45] worked on a 3D
cracked beam model with unilateral contact, which
may be applied on a rotor. They have given a general
procedure for deriving a lumped cracked section beam
model, which has been designed with 3D
computations and incorporating more realistic
behavior of the crack, under variable loading. Sekhar
[46] has proposed a model-based approach for cracked
identification in a rotor system with a suggestion that
the better expansion techniques or refined modal
expansion method should be incorporated to get better
results and to finally get this scheme. Sekhar et al. [47]
have investigated the dynamics of the rotor system
with two slant cracks and a transverse crack and found
that the effect of transverse crack is highly sensitive to
mechanical impedance compared to slant crack.
G’omez-Mancilla et al. [48] have investigated the
influence of transverse crack in a rotating shaft and
noted that as the crack depth increase, an increase of
the orbit completed is observed in the rotor. Huang and
Liu [49] have presented a dynamic analysis of rotating
beams with non-uniform cross sections using the
dynamic stiffness method. They, however, used
Hamilton’s principle for the numerical analysis and
prepared dynamic stiffness matrix for numerical
analysis.

Recent Developments in Cracked Rotor Analysis.
Since the last two years, few papers have appeared in
various archives, where few new methods and tools
have been applied for analysis of dynamics of rotor
and its correct prediction. Chang et al. [50] have
studied nonlinear response and dynamic stability of a
cracked rotor. They developed nonlinear governing
equations of motion for the cracked rotor system with
asymmetrical visco elastic supports. Mueller et al. [51]
have presented a comparison of different approaches
for estimation of a creep crack initiation and compared
the time dependent failure assessment diagram
(TDFAD), two criteria diagram (ZCD), and Nikbin-
Smith Webster model (NSW model) approaches for
predicting creep crack initiation. It has been found that
TDFAD and NSW-model method are costly but ZCD
is a simple method. In another recent literature, Dong
et al. [52] introduced a novel crack detection method
based on high precision modal parameter
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identification in the BSWI finite element framework,
where Empirical mode decomposition and Laplace
wavelet are proposed. From the selected, ten largest
correlation coefficients and the corresponding
parameters of natural frequency and damping are
identified. The errors in the WFE model are minimized
by finite element model updating technique, such as
output error method is for this application. The
effectiveness of the proposed method is verified by an
experiment and crack parameters are identified. A
comprehensive  theoretical, numerical, and
experimented approach for crack detection in power
plant rotating machinery has been presented by
Stoisser and Audebert [53]. In this study, they
developed a 3D theoretical cracked beam model and
presented a numerical simulation, which has been
validated through experimental results. In a recent
study Jun and Gadala [54] investigated the dynamic
behavior analysis of cracked rotor, by considering an
additional slope in the crack breathing. In this analysis
fracture mechanics concept was used and response of
cracked rotor was formulated based on transfer matrix
method. Recently, Xiang et al. [55] constructed BSWI
rotating Rayleigh-Euler and Rayleigh-Timoshenko
beam elements to obtain a precision crack detection
database, whereas the inverse problem of normalized
crack location and depth is detected using genetic
algorithm. Pennacchi and Vania [56] have analyzed
the shaft vibrations of a 100MW power unit. The
results obtained with a model-based analysis of the
shaft vibrations caused by the propagation of a crack
occurred in the load coupling connected to the gas
turbine of a power unit are discussed.

i ALTERNATIVE PROPOSAL FOR
CRACKED ROTOR THROUGH EXTENDED
LAGRANGIAN MECHANICS

Among the various analytical techniques used by
various researchers, Lagrangian mechanics are one of
the area, where few works have been reported in
literature. It is a well-known phenomenon that
asymmetric rotating component produces non-
potential and dissipative forces, and classical
Lagrange’s equation cannot analyze the dynamics of
such system with nonholonomic constraints, non-
potential forces, dissipative forces, gyroscopic forces,
and general class of systems with time fluctuating
parameters, as such Lagrangian cannot be worked out
due to non-conservative forces involved in the system.
So some additional information of system interior and
exterior is needed in generating extended Lagrangian
equations through bond graphs [57-59], which may be
applicable to the crack rotor system. The symmetries
of the system also provide useful information to derive
the constant of motion of the system as they reduce the
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complexity of the dynamical systems such as cracked
rotor. Noether’s theorem [60] played a significant role
in determination of invariants of motion. Noether’s
theorem allows exploitation of symmetries of the
system to arrive at invariant of motion. Extended
Noether’s theorem with Umbra’s Hamiltonian
provides the insight of dynamics of the asymmetric
rotor system. To enlarge the scope of Lagrangian-
Hamiltonian mechanics, a new proposal of additional
time like wvariable ‘“umbratime” was made by
Mukherjee [61] and this new concept of umbra-time
leads to a peculiar form of equation, which is termed
as umbra-Lagrange’s equation. A brief and candid
commentary on the idea of umbra Lagrangian is given
by Brown [62]. This idea was further consolidated by
presenting an important issue of invariants of motion
for the general class of system by extending Noether’s
theorem [63]. This notion of Umbra-time is again used
to propose a new concept of umbra-Hamiltonian,
which is used along with the extended Noether’s
theorem to provide an insight into the dynamics of
systems with symmetries. One of the most important
insights gained from the umbra-Lagrangian formalism
is that its underlying vibrational principle [64] is
possible, which is based on their cursive minimization
of functional. Once such a least action principle is
established, many significant results of analytical
mechanics may be extended to a general class of
system. In this direction [64] defined all these notions
in an extended manifold comprising of real time, and
umbra and real time displacements and velocities. The
umbra-Lagrangian theory has been used successfully
to study invariants of motion for non-conservative
mechanical and thermo-mechanical systems [65].
Recently Mukherjee et al. [66] applied umbra
Lagrangian to study dynamics of an electromechanical
system comprising of an induction motor driving an
elastic rotor. In another research work, the same
authors [67] have provided the dynamics a one-
dimensional internally damped rotor through
dissipative coupling. Moreover Rastogi and Kumar
[68] investigated the dynamic behavior of asymmetric
rotor by extending the Lagrangian-Hamiltonian
Mechanics. This is in line to broaden the scope of
umbra-Lagrangian formulation applied to this rotor
dynamic research. In this paper, symmetry of the rotor
is broken in terms of stiffness only and itmay be
applied in other cases also.

IV CONCLUSIONS

After an exhaustive survey of literature, the potential
researchers in this field have various tools and
methodologies to be applied to detect and proper
identification of a crack. The methodologies have
some specific advantages over the other. Now, there is
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a choice before the dynamics people to adopt proper
techniques. The paper may be concluded as follows.
(i) Crack breathing mechanism plays an important role
in analysis of dynamic behavior of a cracked rotor.
This breathing phenomena must be modeled
accurately to detect the crack in a rotor.

(if) Wavelet transform method was used by various
researchers to predict the generation and propagation
of a crack in rotating shaft. This propagation
mechanism may be modeled so that the early failure of
the rotor shaft may be detected.

(iii) Finite element method is a better choice and
applied by various researchers to analyze the dynamic
behavior of a shaft having different kind of cracks, for
example, transverse crack, two cracks, slant crack, and
so forth. The crack element must be accurately
discretized to depict the real behavior of a cracked
rotor.

(iv) Wavelet along with finite element method is also
a good choice to have advantages of both techniques.
Recently wavelet along with genetic algorithm
analysis is also finding place in the various Literature.
(v) The proposal of extended lagrangian-Hamiltonian
formulation provides the invariants of motion of the
dynamical system. It provides a great insight of the
dynamics of a cracked rotor through extended
Noether’s theorem.
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